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Abstract—It is generally easier to measure the scalar channel 

frequency response (CFR) than the complex CFR. This 

particularly applies to both wireless and wireline systems that use 

OFDM and related multicarrier schemes. Past work has shown 

the channel impulse response can be estimated from scalar 

frequency response data using Hilbert transform provided that 

the channel is minimum phase or equivalently the K-factor is 

sufficiently high. However, the conditions under which this 

technique reveals an acceptable estimation error is not very well-

defined and the condition of use has been defined mostly based 

on complete channel response (magnitude and phase) and cannot 

be applied easily on magnitude frequency responses e.g., on-site 

measurements where only scalar frequency data is being 

measured. In this paper, we performed numerical analysis of the 

Hilbert transform on Ricean channel frequency responses in 

order to revealing the conditions under which the channel 

impulse response can be estimated from scalar frequency 

response data using the Hilbert transform. In particular, by 

quantifying the error of estimating channel K-factor, mean 

excess delay and RMS delay spreads raises due to the Hilbert 

transform we proposed a test that allows one to predict the likely 

error of resulting channel impulse responses from estimates of 

the Ricean K-factor associated with the scalar CFR and provide a 

useful benchmark for determining the domains of applicability of 

Hilbert transform. Moreover, the effect of noise on Hilbert 

estimation error is studied and quantified based on the channel 

SNR values. This is useful to predict the amount of increase of 

the error, compared to an ideal channel, one should expect when 

Hilbert is applied on measurement data of a channel with specific 

SNR. 

 
Index Terms—Hilbert transform, channel modeling, phase 

recovery, magnitude measurements, signal to noise ratio. 

 

I. INTRODUCTION 

Knowledge of the Channel Impulse Response (CIR) is an 

important factor in proper design and implementation of 

communication networks. CIR can be measured directly, 

estimated by correlating PRBSs, or obtained by IFFT of 

Complex Frequency Response (CFR). For example IFFT of 

CFR has been widely exploited due to excellent dynamic 

range performance. It is generally easier and more cost 

effective to just measure scalar frequency response rather than 

complex response since phase is difficult to measure without a 

reference and will require VNA-based measurement with 

highly skilled personnel. In the absence of phase information, 

the IFFT of CFR will not retain an accurate rendition of the 

CIR. There has been a large body of studies proposing 

methods to retrieve the phase out of scalar responses. 

[9],[10],[11]. Hilbert transform, also known as cepstrum 

technique, is an alternative method for estimating the CIR 

from the scalar frequency response. It has gained a large 

attention because of its simplicity [1], [13],[16],[17]. The set 

of conditions under which a sequence is uniquely specified by 

Hilbert transform from magnitude was developed in [72]. 

Despite a large body of past work on Hilbert transformation, 

most of them has emphasized on the algorithm rather than the 

domain of the effectiveness of the algorithm. Some past works 

have shown under certain circumstances Hilbert transform can 

be used to estimate a close approximation to the actual phase 

response and allow a close replica of the CIR to be recovered 

if the channel is minimum phase, i.e., stable and causal which 

requires all the poles and zeros of the transfer function to be 

inside the unit circle [1], [12]. Moreover, it is well known that 

the performance of the Hilbert transform approach degrades 

significantly as the strength of dominant or fixed component 

in the CIR degrades or equivalently as the Ricean K-factor 

decreases. However, no rigorous mean for determining 

whether the given frequency scalar response is suitable for 

processing using the Hilbert transform has been previously 

disclosed. Although in few studies such as [20], [21] authors 

have developed minimum phase criteria based on channel 

power delay profile, i.e., tap’s amplitude and power, as we 

will explain in more detail in next section, these conditions 

require knowledge of the delay domain CIR which is unknown 

prior to measurement. In summary, despite the frequent use of 

Hilbert technique, many of the steps required to fully exploit 

this technique have not been previously revealed and previous 

studies are lacking to provide a physically meaningful 

guidance in determining applicability criteria of this technique 

for phase recovery of propagation channels. So, in this paper, 

we will develop a test, based on Ricean K-factor obtained 

from frequency scalar response to quantify the estimation 

error of Hilbert transform on different metrics of the channel 

to reveal the conditions under which the channel impulse 

response can be estimated from scalar frequency response data 

using the Hilbert transform and we study the amount of error 

Hilbert may cause in different metrics of the Ricean channel, 

e.g. delay spread, in a quantified representation.  

The reminder of this paper is organized as follows: in 

section II we briefly describe the theory of minimum phase 
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channels and the criteria previously mentioned to satisfy this 

condition. Then we show how the relationship between the 

Ricean K-factor and error due to using Hilbert transform 

provides a meaningful benchmark for determining whether a 

given frequency scalar response is suitable for Hilbert 

transform processing. In section III we explain our 

methodology for the simulations and the way we developed 

the test. In section IV we represent the estimation error results 

for chosen channel parameters under different K-factor 

realizations and obtain the threshold K-factor for the 

considered acceptable error percentage. Then we show the 

amount of increase of this error under different channel SNR 

values. We conclude this paper in section V along with 

recommended future works.  

II. CONCEPT AND APPROACH 

In general for a propagation channel measurements, the 

meaning of minimum phase is unclear [14],[22]. Depending 

on the environment type, frequency bands, and relative 

position of the antennas, the channel can behave as minimum 

phase unpredictably. In other word no condition of the radio 

channel is known a priori, which allows one to state if the 

measurements will or will not be of minimum phase [15]. A 

linear time-invariant system is said to be minimum-phase if 

the system and its inverse are causal and stable which requires 

all the poles and zeros of transfer function to be inside unit 

circle. Although these effects are well explained using 

mathematical formulations, it is not physically meaningful for 

an operator who records the frequency amplitude response in 

real-world measurements. As a result instead of relating the 

minimum phase condition to zeros and poles location of 

complex transfer function, people have mentioned the criteria 

based on CIR properties, e.g., in [20], [21] as explained in the 

following. 

Hilbert transform is a linear operation which generates the 

phase information using [1]  

arg( ( )) [log | ( ) |] ,H j H j       (0.1) 

where   is Hilbert operation and arg(.) refers to phase 

information of complex frequency response ( )H j , and  is 

the angular frequency. Cassioli in [20] gave a condition that, if 

met, insures that a channel impulse response is of minimum 

phase and (1) can be applied. This condition sets a lower 

bound to the power of the first path that should be larger than 

the power spectral density of the sum of all the subsequent 

paths, i.e., 
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where 
0a  is the amplitude of the LOS component and ia  is the 

amplitude of i’s multipath component and NP is the total 

number of multipath components. This result is more general 

than the results obtained by Morgan in [21] since the condition 

in (2) may identify minimum-phase systems that [21] cannot 

recognize where it was stated that a channel is minimum phase 

if 
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In both of the criteria mentioned above the Hilbert 

applicability is based on the delay domain channel parameters 

that are unknown to the operator who is doing the frequency 

domain scalar measurement. Beside, in none of these papers, 

quantified study of error versus channel parameter is carried 

on. Therefore there is a need for developing a physically 

meaningful and easy to use criterion in order to test if Hilbert 

can be applied for a measured channel. 

To create a benchmark to devise the test we start with 

channel properties which affect the Hilbert error directly. It is 

well understood that in the channels with large K-factor, phase 

distribution of frequency response decreases such that for LOS 

channel, phase plot versus frequency is flat. As stated before, 

Hilbert will estimate a unique channel correspond to minimum 

phase version of the channel which measurement is collected 

in. Depends on how wide the phase dispersion is, applying 

Hilbert transform to estimate phase will result in different 

amount of error which is proportion to channel phase 

distribution. However, there is usually no information on 

channel phase dispersion unless performing the complex 

response measurement. So it cannot be a good benchmark for 

our purposes. However, it is well known that the complex 

fading channel gain can be modeled as a Gaussian random 

variable according to the central limit theorem. When there is 

a LOS component in the channel, the fading phase PDF is 

given by [2], 
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where θ is fading phase, A2 is mean power of LOS component 

and 2𝞼2is the mean power of scattering components. Although 

this shows that phase dispersion and Ricean K-factor are 

related and K-factor can be related to the error of Hilbert 

estimation, there is no information on delay domain K-factor 

when doing the scalar frequency measurement and K-factor 

obtained from delay domain data cannot be a good 

benchmark. However, Ricean K-factor obtained from delay 

domain CIR and frequency domain responses are equivalent 

due to central limit theorem and conservativity of signal’s 

energy in both domains [23]. So, frequency domain Ricean K-

factor can be a good representation of channel phase 

dispersion, and due to its resilience to noise compared to delay 

domain K-factor, therefore a good benchmark and criterion to 

set condition (rule) of Hilbert transform applicability based on.  

III. SIMULATION METHODOLOGY 

In order to realize Ricean channel impulse responses we use 

the ricianchan object of the MATLAB [24]. With the 

assumption of LTI channel, the function requires sampling 

period, the paths delays and average path gains as input 

parameters. Without loss of generality, for the purpose of this 

paper we assumed a typical channel with 25MHz bandwidth 

and a CIR with 12 multipath components of fixed arrival 

times. The average path gains are calculated as input of the 

ricianchan based on the exponential decaying function and 

https://en.wikipedia.org/wiki/Inverse_(mathematics)
https://en.wikipedia.org/wiki/Causal_system
https://en.wikipedia.org/wiki/BIBO_stability
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desired K-factor [25]. Every time after the ricianchan is 

called, the response of the channel to the input signal of a 

Delta Dirac function is obtained using filter function and 

sampling period of 10ns. This creates a Ricean CIR which we 

are interested in and we call it a channel realization. In the rest 

of this paper, when necessary, noise is considered as additive 

white Gaussian (AWGN) and is added using awgn function of 

MATLAB based on the specific SNR value provided at the 

input of the function. K-factor and channel SNR ranges of [-

10dB, 40dB] and [5dB, 40dB] are considered, respectively. 

Upon generation of the channels, the channel parameter such 

as K-factor, mean excess delay and RMS delay spreads are 

calculated in delay domain as the desired error metrics. 

However, depends on the sensitivity of the applications for the 

specific channel parameter which Hilbert is used for 

estimation of, different error metrics can be considered to 

develop the test. In past work, the delay spread has been used 

so frequently than other metrics and is considered as an 

important decision making criteria for design of many 

networks. Beside, since the mean excess delay and RMS delay 

spreads are the first and second moments of delay spread, 

respectively, and therefore natural statistics to consider, in our 

work we will use them as the error metric in addition to K-

factor. 

The complex frequency domain transfer function is then 

obtained by Fourier transform. Phase information is dropped 

and the magnitude data is used to estimate the phase of 

channel using Hilbert function in MATLAB. Estimated CIR is 

then calculated using inverse Fourier and its delay domain 

parameters are obtained using the estimated response. Delay 

domain K-factor is obtained as ratio of LOS over scattered 

components whereas in frequency domain MoM algorithm 

described in [26] is used. The Monte-Carlo simulation is 

repeated for 3600 channel realizations. Figure 1 summarizes 

these steps. By comparing the estimated and original 

parameters, the relative errors are obtained and plotted versus 

channel K-factor for each of the selected error metrics and are 

presented in next section. 
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Figure 1. Flowchart of simulation steps for developing Hilbert 

transform applicability criteria 

IV. RESULTS 

In this section we present the quantified results for the 

selected error metrics due to use of Hilbert transform to 

estimate phase of the channels realized with different K-

factors. Here, by “Error” we mean the relative error which is 

the difference of the calculated metric after and before 

applying Hilbert over the metrics’ value before applying 

Hilbert. 10% error for each of these metrics is assumed as the 

acceptable error and frequency domain K-factor is considered 

as the benchmark to develop our test based on. For the first 

sets of following results the channels are realized in a noise-

free scenario and the only error is caused just by the Hilbert 

transform. The results are presented in Figure 2 - Error! 

Reference source not found. and show that all of the selected 

error metrics are showing error of less than 10% when Ricean 

K-factor is above 8dB. This value guarantees that for a 

channel with higher K-factor, the error value for estimating 

any of the selected metrics using Hilbert will be below 10%. 

The results include also the histogram and boxplot of the 

errors around the selected K-factor threshold (with 2dB bin 

size, i.e., for 7dB<K<9dB). The box plots specify the mean 

and standard deviation of the errors for the channels with K-

factor around 8dB and are the focus of our study, next, in 

presence of Noise. 

 
Figure 2. Error of delay domain K-factor estimation due to 

Hilbert transform and selected threshold of 10%. 

 

 

 

 

 
Figure 3. Distribution of the Hilbert estimation error of mean 

delay spread within the bin of K=7-9dB. 
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